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Abstract
This work discusses quantum states defined in a finite-dimensional Hilbert space. In particular,
after the presentation of some of them and their basic properties the work concentrates on the group
of the quantum optical models that can be referred to as quantum optical scissors. Such ”devices”
can generate on their outputs states that are finite-dimensional, and simultaneously use for such
preparation quantum states that are defined in the infinity-dimensional space. The work concentrates
on two groups of models: the first one, comprising linear elements and the second one – models for
which optical, Kerr-like nonlinear elements were applied.
1 Introduction
Problems of quantum optical states engineering have attracted remarkable interest in last years. Vari-
ous concepts of such states and methods of their production and manipulation have been presented in
numerous papers. They have diverse applications in atomic and molecular, solid state and nano-systems
physics, and also in the quantum information theory. The latter have recently given a stimulating pulse
for the investigation of the states defined in finite-dimensional Hilbert space. However, one should keep
in mind that the general idea of such states was born much earlier. In particular, Radclife (Radcilffe,
1971) and Arecchi et.al (Arecchi, Courtens, Gilmore, and Thomas, 1972) proposed the atomic (or spin)
coherent states definition for the optical models involving atomic systems interacting with transverse
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electromagnetic field. Those states are finite-dimensional analogues of the coherent states proposed by
Glauber (Glauber, 1963b,a) and play a crucial role in the quantum optics theory. Finite-dimensional
coherent states have been discussed in various aspects – for example see (Buzˇek, Wilson-Gordon, Knight,
and Lai, 1992; Kuang, Wang, and Zhou, 1993, 1994; Miranowiacz, Pia¸tek, and Tanas´, 1994; Miranowicz,
Leon´ski, and Imoto, 2001; Leon´ski and Miranowicz, 2001) and the references quoted therein.
Another milestone in the development of the idea of finite-dimensional states was the proposal of the
phase-states given by Pegg and Barnett in (Pegg and Barnett, 1988, 1989). The key idea of the definition
they proposed is to calculate the state and all physical quantities in the (s + 1)-dimensional space and
then, to take the limit s→∞. These states are not the subject of this paper and we shall concentrate on
the quantum scissors systems, however, they are interesting enough to be mentioned here. For instance,
in (Vogel, Akulin, and Schleich, 1993) the model involving atoms injected into a cavity was discussed as
a potential source of the phase-states. The Pegg-Burnett formalism is important as a method of defining
other finite-dimensional states. As it will be presented, some of the finite-dimensional states are defined
in an analogous way to the phase-states, i.e. it shall be assumed that the space is finite-dimensional and
within such a space all operators and desired states are defined. Such states we will referred to as finite
dimensional states. Another approach to the states definiton which is presented in this paper, is similar
to that proposed in (Kuang, Wang, and Zhou, 1993, 1994). For this case the expansion of the discussed
state (for instance, coherent or squeezed ones) in n-photon basis derived in infinite-dimensional space
and then truncation of this space applied. Obviously, the proper normalization should be performed in
this procedure. To distinguish such defined states from the finite dimensional ones they shall be called
truncated states.
Nowadays finite-dimensional states (FDS) seems to be especially important from the point of view
of the quantum information theory. In particular, two- or multi-modes states are relevant and they are
commonly discussed in a context of quantum entanglement. Examples of such states are Bell ((Nielsen and
ChuangHayashi, 2000; Hayashi, 2006; Lambropoulos and Petrosyan, 2007; Dio´si, 2007; Jeager, 2007) and
the references quoted therein), GHZ (Greenberg-Horne-Zeilinger) (Greenberger, Horne, and Zeilinger,
1989) and W -states (Du¨r, Vidal, and Cirac, 2000) states. It should be emphasized, the problem of
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quantum entanglement is also one of the most intriguing problems of the current quantum theory and it
is believed that its solution will give us a new insight into the nature of the quantum world. Therefore,
the finite-dimensional and truncated states as those closely related to the entanglement problems, play a
principal role in answering the fundamental questions of the quantum theory.
The paper is organized as follows. First part of this article is devoted to some introduction to the
quantum optical states which are defined in finite-dimensional Hilbert space. Next, various methods
of generation such states are presented. The presentation starts with the models involving linear optics
elements only – linear quantum scissors (LQS). After that the work concentrates on the methods of using
nonlinear optics elements. This family of the quantum optical models we refer to as nonlinear quantum
scissors (NQS). In this paper mostly quantum optical models shall be discused, although some of them,
due to their universality, can be applied in non-optical systems.
2 Finite dimensional quantum states
2.1 n-photon states
The presentation of FDS shall start from the simplest case of the n-photon Fock states. These states
are commonly used for the description of the quantum electromagnetic field and are widely discussed in
the literature (for the properties of these states see for instance (Perˇina, 1984; Gerry and Knight, 2005;
Tanas´, 2011) and the references quoted therein). They are described as eigen-states of number of photons
operator nˆ defined by the boson creation and annihilation operators aˆ† and aˆ, respectively
nˆ = aˆ†aˆ (1)
which can be expressed by the formula
nˆ|n〉 = n|n〉 . (2)
In fact, mathematically they are the same states as those describing quantum harmonic oscillator.
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The bosonic creation and annihilation operators act on the n-photon |n〉 states as follows
aˆ|n〉 = √n|n− 1〉
aˆ†|n〉 = √n+ 1|n+ 1〉 .
(3)
In consequence, the n-photon |n〉 state can be obtained by a successive action of the creation operator
aˆ† on the vacuum state |0〉. This action can be described by the formula
|n〉 = (aˆ
†)n√
n!
|0〉 . (4)
If we assume that the electric field of the amplitude ε of the electromagnetic (EM) wave propagating
along the z-axis inside the resonator in the form of the planar wave is polarized parallelly to the x-axis,
it can be described by the following operator
Eˆx(z, t) = ε (aˆ+ aˆ
†) sin kz (5)
describing electric field of the standing EM wave. For such a situation and for EM field being in the
n-photon state, the mean value of the electric field equals zero 〈n|Eˆx|n〉 = 0. However the mean value of
the squared electric field differs form zero. It can be shown that
〈n|Eˆ2x(z, t)|n〉 = ε2〈n|(aˆ2 + (aˆ†)2 + nˆ+ 1)|n〉 = 2ε2
(
n+
1
2
)
sin2 kz . (6)
Since the mean value of the electric field equals zero, its squared dispersion (∆E)2 can be described by
the above equation (eq.6). It describes the field’s fluctuations for the n-photon state. Therefore, we can
write (Tanas´, 2011)
∆E =
√
〈E2〉 − 〈E〉2 =
√
2ε
√
n+
1
2
| sin kz| . (7)
What is important, that even for the vacuum state |0〉 such fluctuations are present and are called vacuum
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fluctuations. In consequence, for n = 0 we get
∆Evac = ε | sin kz| . (8)
The n-photon Fock states have a well defined energy (number of photons) whereas their phase is com-
pletely undefined. It can be seen when we look at the Husimi Q-function plot (Fig.1) where its ring-type
structure is visible. Husimi quasi-probabiliy Q-function is defined as matrix elements of the density
matrix in terms of the coherent state |α〉 in the following way (Husimi, 1940)
Q(α) =
1
pi
〈α|ρˆ|α〉 . (9)
For this case the quasi-probability Q-function is represented by the following distribution
Q(α) =
1
pi
|α|2n
n!
exp(−|α|2) . (10)
Thus, Fig.1 shows the plots of Q-function for n = 0 (vacuum state) and n = 4 on the complex plane
defined by the parameter α. It can be seen that for n = 0 this function exhibits its symmetric one-peak
form centered at α = 0. If the value of n increases (for instance, n = 4 for Fig.1 - right), instead of a
single peak the ring-like structure is visible. The radius of this ring is equal to n. From these plots it
can be seen that, indeed, n-photon states have completely undetermined phase, contrary to the energy
of such states which is defined very well.
Analogously we can define multi-mode n-photon states using individual operators corresponding to the
various modes of the field. For instance, the creation and annihilation operators (aˆ†k and aˆk, respectively)
defined for the k-th mode act on the f -mode states as follows (Gerry and Knight, 2005; Tanas´, 2011)
aˆ†k |n1, n2, . . . , nk, . . . , nf 〉 =
√
nk + 1 |n1, n2, . . . , nk + 1, . . . , nf 〉
aˆk |n1, n2, . . . , nk, . . . , nf 〉 =√nk |n1, n2, . . . , nk − 1, . . . , nf 〉 ,
(11)
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where the f -mode state can be denoted as
|n1, n2, . . . , nf 〉 = |n1〉|n2〉, . . . , |nf 〉 (12)
or
|n1, n2, . . . , nf 〉 = |{nj}〉 . (13)
For the last case {nj} denotes a set of numbers of photons in every mode.
In particular, the multi-mode vacuum state can be written as
|{0}〉 = |01, 02, . . . , 0f 〉 (14)
whereas every state |{nj}〉 corresponding to the given number of photons in each mode can be obtained
from the vacuum state according to
|{nj}〉 =
∏
j
(aˆj
†)nj√
nj !
|{0}〉 . (15)
2.2 Finite-dimensional coherent states
Coherent states, sometimes called as Glauber coherent states are ”the most classical” states (Gerry and
Knight, 2005) of quantum harmonic oscillator. They can be defined as eigen-states of the annihilation
operator aˆ
aˆ |α〉 = α |α〉 , (16)
where α is a complex number. This parameter is related to the classical electric field strength. In fact,
the value |α|2 equals the mean number of photons 〈nˆ〉 in the field described by the state |α〉.
The coherent state can be expressed in the n-photon states basis as (Glauber, 1963b,a)
|α〉 = exp(−|α|
2
2
)
∞∑
n=0
αn√
n!
|α〉 , (17)
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and in consequence, the probability of the observation of n photons equals
Pn = |〈n|α〉|2 = exp(−|α|2) α
2n
n!
= exp(−〈nˆ〉) 〈nˆ〉
n
n!
. (18)
This probability distribution is a Poisson distribution for a mean number of photons equals 〈nˆ〉 = |α|2
and for high values of 〈nˆ〉 it can be approximated by the Gaussian one. Moreover, coherent states are
not orthogonal in general, i.e. |〈β|α〉|2 = exp [−|β−α|2], however those states can be treated as almost
orthogonal for large values of |α− β|.
The fluctuations of these states are the same as for the vacuum state and the Q-function is of the
same shape as that for the vacuum state. However, the maxima of these functions are located at different
positions on the complex plane α. For the coherent state the center of the peak is shifted form the point
α = 0 to another one, which is distant from 0 by the value of the mean number of photons (see Fig.2).
Therefore, the coherent state can be treated as a shifted vacuum state. This feature was applied in the
Glauber definition of the coherent state (Glauber, 1963a) where a displacement operator was used. This
definition is equivalent to the formula
|α〉 = Dˆ(α, α∗) |0〉 , (19)
where the displacement operator Dˆ(α, α∗) is expressed as
Dˆ(α, α∗) = eαaˆ
†−α∗aˆ . (20)
This definition can be applied to the finite dimensional coherent states (FDCS) construction. Thus,
Buzˇek et al. (Buzˇek, Wilson-Gordon, Knight, and Lai, 1992), Miranowicz et al. (Miranowiacz, Pia¸tek,
and Tanas´, 1994) and Opatrny et al. (Opatrny´, Miranowiacz, and Bajer, 1996) proposed a definition
analogous to that of Glauber’s, but in their definitions the annihilation and creation operators were defined
in a truncated Hilbert space. Their proposals were similar to the idea applied in the phase operators
formalism proposed by Pegg and Barnett (Pegg and Barnett, 1988, 1989). They defined operators in the
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(s+ 1)-dimensional Hilbert space and then calculated all physical quantities within this space. Just after
performing these calculations the limit s→∞ was taken. Obviously, it should be kept in mind that for
the cases discussed in this papers, this limit is not of interest.
As it was defined in (Buzˇek, Wilson-Gordon, Knight, and Lai, 1992), for the s-dimensional Hilbert
space creation and annihilation operators aˆ†(s) and aˆ(s), respectively can be rewritten in terms of projection
operators as
aˆ†(s) =
s∑
n=1
√
n |n〉〈n− 1|
aˆ(s) =
s∑
n=1
√
n |n− 1〉〈n| ,
(21)
where the number states |n〉 are defined for the harmonic oscillator in finite-dimensional ((s + 1)-
dimensional) space. These states obey the following relations
〈n|m〉 = δn,m and
s∑
n=0
|n〉〈n| = Iˆ (22)
and the actions of the operators aˆ†(s) and aˆ(s) on the n-photon states are defined by relations
aˆ†(s) |n〉 =
√
n+ 1 |n+ 1〉 , aˆ†(s) |s〉 = 0
aˆ(s) |n〉 =
√
n |n− 1〉 , aˆ(s) |0〉 = 0 . (23)
It should be noted that the commutation relation for such defined operators equals
[aˆ(s), aˆ
†
(s)] = 1− (s+ 1) |s〉〈s| , (24)
whereas the number operator nˆ(s) is given by the usual formula
nˆ(s) =
s∑
n=1
|n〉〈n| . (25)
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It should be pointed that according to the notation proposed in (Buzˇek, Wilson-Gordon, Knight, and
Lai, 1992), the indices used in the sums within the above definitions changes their values from one, not
from zero.
An alternative definition of the coherent states in finite-dimensional space was proposed by Kuang et
al. (Kuang, Wang, and Zhou, 1993, 1994). They defined the coherent states by the application of the
expansion of the coherent state in a number states basis, analogously as in eq.(17), but with the finite
upper limit of summation, i.e.
|α˜〉(s) = N(s)
s∑
n=0
αn√
n!
|α〉 , (26)
where the normalization coefficient N(s) can be expressed by the generalized Laguerre polynomial Lns (x)
as
N(s) =
(
s∑
n=0
|α˜|2n
n!
)−1/2
=
{
(−1)2L−s−1s (|α˜|2)
}−1/2
. (27)
Such definition is equivalent to that in which the state |α˜〉(s) is generated as a result of the action of the
operator exp(α˜aˆ†) on the vacuum state |0〉. These states are often called truncated coherent states (TCS)
contrary to the finite-dimensional coherent states (FDCS), defined in (Buzˇek, Wilson-Gordon, Knight,
and Lai, 1992; Miranowiacz, Pia¸tek, and Tanas´, 1994; Opatrny´, Miranowiacz, and Bajer, 1996). For
sufficiently high values of the parameter s both states become practically identical to the coherent states
defined in the infinite dimensional Hilbert space. The properties of the states defined with application
of both here mentioned definitions have been discussed in numerous papers. For a list of them see for
instance the review paper (Miranowicz, Leon´ski, and Imoto, 2001) and the references quoted therein.
For instance, periodic and quasi-periodic properties of FDCS and TCS were discussed in (Leon´ski and
Miranowicz, 1996; Leon´ski, Miranowicz, and Tanas´, 1997b), whereas the Wigner functions, corresponding
to these states, were considered in (Miranowicz, Leon´ski, and Imoto, 2001).
Considerations concerning harmonic oscillator in a finite-dimensional Hilbert space lead also to the
odd and even FDCS concepts. These states were considered in (Roy and Roy, 1998), where the following
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definitions were proposed on the basis of coherent spin states idea (Radcilffe, 1971)
|µ〉e = Ne cosh(µAˆ†) |0〉 (even states) (28)
and
|µ〉a = No sinh(µAˆ†) |0〉 (odd states) . (29)
The operators Aˆ† and Aˆ can be interpreted as the creation and annihilation operators satisfying algebra
related to the SU(2) algebra (Roy and Roy, 1998), µ is a complex number, whereas the parameters Ne
and No are normalization constants. The states defined in such a way can be expressed in the photon
number basis similarly as in eq.(26) but with even or odd terms missing.
2.3 Finite-dimensional squeezed states
The next group of states commonly discussed in quantum-optical models are those referred to as squeezed
states. This paper concentrates on the quadrature squeezed states. These states have been extensively
discussed in the literature (for instance see (Perˇina, 1984; Gerry and Knight, 2005; Tanas´, 2011) and the
references quoted therein) and only some basic information concerning them will be given.
The nature of these states is related to the basic ideas of quantum mechanics. Thus, if we have three
operators Aˆ, Bˆ and Cˆ obeying the commutation relation [Aˆ, Bˆ] = iCˆ, the following inequality is valid
〈(∆Aˆ)2〉〈(∆Bˆ)2〉 ≥ 1
4
|〈Cˆ〉|2 (30)
where the variances ∆Yˆ for the given operator Yˆ are defined by
∆Yˆ =
√
〈Yˆ 2〉 − 〈Yˆ 〉2 (31)
and the expectation values of the operators are calculated for a given state |ψ〉 as 〈Yˆ 〉 = 〈ψ|Yˆ |ψ〉. Thus,
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the state |ψ〉 is a squeezed state if
〈(∆Aˆ)2〉 < 1
2
|〈Cˆ〉|2 or 〈(∆Bˆ)2〉 < 1
2
|〈Cˆ〉|2 . (32)
Moreover, the state |ψ〉 is called intelligent if (30) becomes strict equality (see for instance (Louisell, 1990)
or (Milks and de Guise, 2005) and the references quoted therein).
For quantum optical fields we can define the quadrature operators Xˆ1,2 using boson creation and
annihilation ones
Xˆ1 =
1
2
(aˆ+ aˆ†)
Xˆ2 =
1
2i
(aˆ− aˆ†) .
(33)
These quadrature operators obey the commutation rule [Xˆ1, Xˆ2] =
i
2 and hence, the following uncertainty
relation
∆Xˆ1 ∆Xˆ2 ≥ 1
4
. (34)
It should be noted that for the coherent state |α〉 the mean values of the quadratures are
〈α|Xˆ1|α〉 = Reα and 〈α|Xˆ2|α〉 = Imα (35)
and their uncertainties equal 1/4 for the both operators (they equal those for the vacuum state). It is
possible to decrease the uncertainty in one of the quadratures simultaneously increasing the second one.
In consequence, one of them can be smaller than 1/4. Such states are referred to as squeezed states of
light (Walls, 1983).
Sometimes we use normally ordered variances 〈: (∆Xˆ)2 :〉 (where for instance : aˆaˆ† := aˆ†aˆ) that both
equal zero for the coherent states. If the optical field is in a squeezed state, such a variance corresponding
to the one of quadratures is negative.
Squeezed state can be defined as a result of the action of the squeezing operator on the coherent state.
On the other hand, the latter can be generated by the action of the dispalcement operator on the vacuum
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state (Tanas´, 2011). Thus, it can be writen
|α, ξ〉 = Dˆ(α) Sˆ(ξ) |0〉 (36)
where the displacement operator Dˆ(α) (eq.(20)) have already been discussed in the context of coherent
state, whereas squeezing operator is defined as
Sˆ(ξ) = e
1
2 (ξ
∗aˆ2−ξaˆ†2) , (37)
where the squeezing parameter ξ is a complex number.
Squeezed state can be expressed in terms of number states |n〉. The probability amplitude correspond-
ing to the n-photon state for the state |α, ξ〉 is of more complicated form as we compare it with that for
the coherent state and can be expressed in terms of the Hermite polynomial Hn of degree n. Thus, we
can write
|α, ξ〉 =
∞∑
n=0
cn |n〉 (38)
where
cn =
1√
n! cosh r
[
1
2
exp(iθ) tanh r
]n/2
Hn
(
α+ α∗ exp(iθ) tanh r√
2 exp(iθ) tanh r
)
× exp
[
− 1
2
(|α|2 + (α∗)2 exp(iθ) tanh r)
] (39)
and the complex parameters are expressed in the form α = |α| exp(iφ) and ξ = |ξ| exp(iθ). For a special
case, when α = 0 our state becomes squeezed vacuum state |0, ξ〉 = Sˆ(ξ) |0〉 and we can write for the
probability amplitudes
c2n =
1√
cosh r
√
(2n)!
n!
[
− 1
2
exp(iθ) tanh r
]n
(40)
for even numbers of photons. For odd numbers this amplitude equals zero it is not possible to find odd
numbers of photons for such a state.
The form of the Husimi Q-function reflects the properties of the squeezed states. From its plot it is
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possible to determine how far and in which direction the state is shifted in the complex phase plane, and
in which direction and how much is squeezed. For instance, Fig.3 shows Q-function for the squeezing
angle θ = pi/4 and two values of |α|. For |α| = 0 we have Q-function for the squeezed vacuum state,
whereas for |α| = 3 the plot is shifted along the Re(α) axis.
Such defined squeezed states can be a starting point for finite-dimensional squeezed states (FDSS) and
finite dimensional squeezed vacuum (FDSV) definitions. These states can be defined the analogous way
as previously discussed FDCS. Moreover, we can define truncated squeezed vacuum (TSV) and truncated
squeezed states (TSS) following the path shown for TCS and definition.
Now, without losing the generality of our considerations, we shall restrict ourselves to the presentation
of FDSV and TSV states only. Of course, applying the methods presented here it is possible to extend
the results obtained for FDSV (TSV) to the cases of FDSS (TSS).
Thus, using the creation aˆ†(s) and annihilation aˆ(s) operators defined in finite dimensional Hilbert space
squeezing operator can be redefined (see eqns.(21,37)) and acting it on the vacuum state we get FDSV
(Miranowicz, Leon´ski, Dyrting, and Tanas´, 1996; Miranowicz, Leon´ski, and Tanas´, 1998; Miranowicz,
Leon´ski, and Imoto, 2001). The state generated in such a way can be expressed in the n-photon basis as
|0, ξ〉(s) =
σ∑
n=0
b
(s)
2n exp(inφ) |2n〉 , (41)
where the probability amplitude b
(s)
2n is given by
b
(s)
2n = (−i)n
(2σ)!√
(2n)!
σ∑
k=0
exp(i|ξ|xk/2) Gn(xk)
Gσ(xk)G′σ+1(xk)
. (42)
The parameter σ = [[s/2]] whereas Gn(x) are the Meixner-Sheffer orthogonal polynomials. They can be
defined by the following relation
Gn+1 = xGn − 2n (2n− 1)Gn−1 for n = 2, 3, . . . (43)
with G0(x) = 1 and G1(x) = x. Moreover, xk ≡ x(σ+1)k is the k-th root (k = 0, . . . , σ) of the polynomial
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Gσ+1(x) and G
′
σ+1 is the x derivative at x = xk.
On the other hand, one can define TSV by truncation of n-photon expansion of the squeezed vacuum
defined in infinite dimensional Hilbert space and, after it, performing the proper normalization. As a
result TSV can be defined as (Miranowicz, Leon´ski, and Imoto, 2001)
|ξ¯〉 =
σ+1∑
n=0
b
(s)
2n exp (inφ) |2n〉 (44)
where the coefficient b
(s)
2n is given by
b
(s)
2n = Ns
√
(2n)!
4n!
tanhn |ξ¯| (45)
with the normalization parameter (N)s defined by the formula
(N)−2s = cosh |ξ¯| − 2t2σ+2
(
2σ + 1
σ
)
2F1(1, {3/2 + σ, 2 + σ}, 4t2) . (46)
The parameter σ = [[s/2]] whereas the function 2F1 is the generalized hyper-geometrical function. The
squeeze parameter ξ¯ and the corresponding to it state |ξ¯〉 were marked by the bar to distinguish them
from their counterparts defined for FDSV.
2.4 Multi-mode states – Bell states
Up to this point we were interested in single-mode states defined in the finite-dimensional Hilbert space
and we have presented here a short description of them showing some basic facts concerning their defi-
nitions, nature and properties. The next natural step is an extension of our considerations towards the
multi-mode states. In practice, such states can be defined on the basis of every kind of the already
discussed states. Even for the short list of the presented here single-mode states many possible cases
of the multi-mode states and their definitions can be expected. Therefore, since this paper is devoted
to the methods of the finite-dimensional states generation, not to their properties thorough description,
we shall concentrate on the Bell (and generalized Bell), GHZ (Greenberg-Horne-Zeilinger) and W states
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only. These states are defined with the application of the n-photon Fock states which can be easily
manipulated from the mathematical point of view, and are widely discussed in many problems related to
the quantum information theory.
The presentation of those states starts from the simplest case of the Bell states. The idea of these
states is a one of the basic quantum information theory concepts named after the John F. Bell and is
related to his famous inequality (Bell, 1964). The Bell’s inequality was developed by Clauser et.al in
(Clauser, Horne, Schimony, and Holt, 1969) where the proposal of the experimental verification of the local
hidden-variable theory was presented – see also (Clauser and Horne, 1974). Therefore, this inequality is
often referred as to the Bell–CHSH inequality or CHSH one. This inequality derivation was an important
point in the discussion of the Einstein-Podolsky-Rosen paradox (Einstein, Podolsky, and Rosen, 1935) and
its consequences in the understanding of the present quantum mechanics’s theory. Due to the relations
of the Bell states with the EPR paradox they are sometimes called EPR pair. For the description of
the Bell states, the discussion concerning their properties and applications see for example (Nielsen and
ChuangHayashi, 2000; Hayashi, 2006; Lambropoulos and Petrosyan, 2007; Dio´si, 2007; Jeager, 2007) and
the references quoted therein).
Thus, if we restrict our considerations to the case when only two states in each mode are involved -
the vacuum state and one-photon state, the Bell states can be expressed in the following form
|ψ−〉 = 1√
2
(
|0〉A|1〉B − |1〉A|0〉B
)
|ψ+〉 = 1√
2
(
|0〉A|1〉B + |1〉A|0〉B
)
|φ−〉 = 1√
2
(
|0〉A|0〉B − |1〉A|1〉B
)
|φ+〉 = 1√
2
(
|0〉A|0〉B + |1〉A|1〉B
)
,
(47)
where we assume that for each of the two modes (labeled as A or B) we have 0 and/or 1 photon. These
states are examples of the two-qubits states which are maximally entangled states. If the quantum system
is in one of these states, the Bell–CHSH inequality leads to the correlation measure equal to 2
√
2 instead
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of 2 predicted by the local theories.
We can expand the idea of the Bell states to the case when there are more photons in the system –
when we deal with |n〉 state instead of the one-photon state |1〉. For this situation we have NOON -states
that have been proposed by Sanders (Sanders, 1989) in the context of the quantum dynamics of the
nonlinear rotator. Such states play an important role in the quantum theory, for instance in quantum
metrology problems. NOON -states can be expressed as
|ψ〉NOON = 1√
2
(
|N〉A|0〉A + exp(iNθ)|0〉A|N〉B
)
, (48)
where the parameter θ denotes some quantum phase.
The idea of the Bell states was also extended to the generalized Bell states. In (Bennett, Brassard,
Cre´peau, Jozsa, Peres, and Wootters, 1993) quantum teleportation via dual (classical and quantum)
channels was discussed and the following states were defined. These states can be expressed as in (Sych
and Leuchs, 2009)
|Ψmn〉 = 1√
D
D−1∑
k=0
e2piikm/D|k〉 ⊗ |(k − n)modD〉 . (49)
When we restrict our consideration to the case when we have only the vacuum, one-photon and two-
photons states in the system, some of the generalized Bell states become
|B1〉 = 1√
3
(|0〉a|0〉b + |1〉a|1〉b + |2〉a|2〉b)
|B2〉 = 1√
3
(
|0〉a|0〉b + ei 2pi3 |1〉a|1〉b + e−i 2pi3 |2〉a|2〉b
)
|B3〉 = 1√
3
(
|0〉a|0〉b + e−i 2pi3 |1〉a|1〉b + ei 2pi3 |2〉a|2〉b
)
.
(50)
An extension of the idea of Bell states can lead to other quantum states that are widely discussed in
the quantum information theory. One of them are GHZ (Greenberg-Horne-Zeilinger) states (Greenberger,
Horne, and Zeilinger, 1989). These states were applied as a tool of the EPR paradox investigation in the
models involving three spin-1/2 particles (Mermin, 1990) or those involving multi-particle interferometry
(Greenberger, Horne, Shimony, and Zeilinger, 1990). The latter model was investigated experimentally
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in (Pan, Bouwmeester, Daniell, Weinfurter, and Zeilinger, 2000). GHZ states are commonly used for the
investigation of the multipartite entanglement in various models of quantum information theory.
GHZ states are entangled states which can be written in general as
|ψ〉nGHZ = 1√
2
(
|0〉⊗n + |1〉⊗n
)
. (51)
The parameter n describes the number of qubits which are involved. In particular, if there are 3-qubit
GHZ state (we have three subsystems/modes labelled by A, B and C), it becomes
|ψ〉3GHZ = 1√
2
(
|0〉A|0〉B |0〉C + |1〉A|1〉B |1〉C
)
. (52)
Even for this simplest case of the GHZ states |ψ〉3GHZ exhibits non-trivial multipartite entanglement.
At this point one should mention W states which can be expressed for the three-qubits case as
|ψ〉3W = 1√
3
(
|1〉A|0〉B |0〉C + |0〉A|1〉B |0〉C + |0〉A|0〉B |1〉C
)
(53)
and can be generalized for n qubits as
|ψ〉nW = 1√
n
(
|1〉1|0〉2|0〉3 . . . |0〉n + |0〉1|1〉2|0〉3 . . . |0〉n + . . .+ |0〉1|0〉2|0〉3 . . . |1〉n
)
. (54)
They are also states that exhibits multipartite entanglement however W states exhibit a different nature
of the entanglement as they are compared with GHZ states. For instance, for the three-qubits case, if we
trace out one of the qubits the remaing two are left entangled. Contrary to this fact, if one part of the
GHZ state is traced out, the entanglement for the other parts is destroyed. In this sense one can say that
they constitute two complementary classes of states (Du¨r, Vidal, and Cirac, 2000) that were discussed in
various aspects for the quantum theory models.
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3 Linear quantum scissors
Quantum scissors (QS) are known in literature as a group of methods or physical devices enabling the
generation of the finite superpositions of the number states by truncation of the state of the system
which is defined in infinite-dimensional Hilbert space. In this way they belong to a wider group of the
quantum states engineering methods. Since in this paper we shall concentrate on the states of EM field,
the scissors discussed here are based on the optical methods in which the truncation can be achieved in
various ways. Those methods can make use of only linear optical elements and in such situation one can
speak about linear quantum scissors (LQS) or alternatively, when nonlinear optical media are used for
obtaining finite dimensional states one can speak about nonlinear quantum scissors (NQS) devices.
3.1 LQS models based on the beam-splitters
The first theoretical scheme suggesting the possibility of physical truncation of the optical coherent state
was given by Pegg, Philips and Barnett (Pegg, Philips, and Barnett, 1998) and then in (Barnett and
Pegg, 1999). For the models discussed there the cut optical coherent state |α〉 was defined in the two-
dimensional space, so its expansion in the n-photon basis (see eq.17)) was cut to that of a simple form
where the superposition of only two number states (vacuum and one-photon) were involved:
|Ψ〉cut = γ0|0〉+ γ1|1〉 (55)
with the probability amplitudes γ0 and γ1. The model proposed there required the use of the linear optical
elements only without the necessity of using optical cavity. Their method is based on the projection
synthesis and the scheme for obtaining and measuring FDCS (55) is depicted in Fig.4. The device
consists of two symmetric beam-splitters (BS1 and BS2), each of them reflects and transmits incident
field with probability of 0.5. If we assume that at the BS1 one of the incident fields (the mode denoted by
aˆ1) is in the one-photon state, while the other one (the mode aˆ2) is in the vacuum state, the beam-splitter
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produces an entangled state of the form:
|Ψ〉ent = t1|1〉b1 |0〉b2 − r?1 |0〉b1|1〉b2 (56)
where ti and ri are transmission and reflection coefficients. For the case of the symmetric beam-splitters
discussed here, they obey the relation |ti|2 = |ri|2 = 0.5. Thus, obtained entangled state (56) is mixed at
the second beam-splitter with another input state |Ψ〉in, which is assumed to be a coherent Glauber state
(17). The result of the action of the beam-splitter BS2 is a state that can be expressed as in (O¨zdemir,
Miranowicz, Koashi, and Imoto, 2001):
|Ψ〉(b1,c2,c3) = e−
|α|2
2
∞∑
n=0
n∑
k=0
αn(−r?2)k(t2)n−k√
k!(n− k)! (57)
×
(
t1 |1, k, n− k〉 − r?1r2
√
n− k + 1 |0, k, n− k + 1〉 − r?1t?2
√
k + 1 |0, k + 1, n− k〉
)
,
where ti and ri (i = {1, 2}) denote the transmittance and reflectance of the beam splitters, respectively.
Both fields coming out from BS2 are then detected. The state |Ψ〉out depends solely on the results of
the measurements done by the detectors. If detector D1 measures one photon and detector D2 detects
no photons, we obtain the state (c2,c3)〈10|Ψ〉(b1,c2,c3) and it is indeed the state coming out from the
beam-splitter BS1. It is easy to verify that this is a superposition of zero and one photon state (55) with
normalizing constant.
As it was shown by Villas-Boˆas et al. (Villas-Boˆas, aes, Moussa, and Baseia, 2001) the same experi-
mental setup can lead to the more general case of the finite dimensional state generation. This state is
of the following form: |Ψ〉out = c0|0〉+ · · ·+ cN |N〉 where N = 1, 2, · · · . The only difference between this
model and that described above is in the form of the input state of the beam splitter BS1. In order to
obtain N dimensional truncated states one has to fed this beam splitter by the state |N − 1〉 in mode aˆ2.
The coherent state at the input of the beam splitter BS2 remains the same. The state coming out of the
BS2 now has to be specified. If one of the detectors counts one photon and the other one registers N − 1
photons, after performing the projection procedure we obtain the desired N -dimensional superposition
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of the Fock states. The specific form of the state obtained depends on the values of the transmittances
of the both beam splitters BS1 and BS2. As LQS scheme for obtaining N -dimensional truncated states
demands a presence of N − 1- photons sources, in (Villas-Boˆas, aes, Moussa, and Baseia, 2001) the use
of experimental setup of quantum Fock filter is proposed similarly as in (D’Ariano, Maccone, Paris, and
Sacchi, 2000).
A different approach for obtaining more complex states than those from eq.(55) was proposed by
Koniorczyk et al. (Koniorczyk, Kurucz, Ga´bris, and Janszky, 2000). They propose the same experimental
setup as in (Pegg, Philips, and Barnett, 1998; Barnett and Pegg, 1999), but the state obtained from
proposed scheme is cut in such a way that the two-photon state is involved:
Ψout =
√
N (γ0|0〉+ γ1|1〉+ γ2|2〉) , (58)
where
√
N = 1/
∑2
k=0 |γk|2 is a renormalization constant. Such a state can be achieved when different
than used in (Pegg, Philips, and Barnett, 1998; Barnett and Pegg, 1999) states are introduced to the
scissors device via the beam splitter BS1. As the output state is supposed to contain two photons, it is
obvious that these two photons have to be inserted into the device . If this ancillary state is |11〉 then
after the action of the beam splitter BS2 on this particular state and onto the coherent states |Ψ〉in the
measurement is made by the detectors on the modes cˆ2 and cˆ3. A necessary condition to observe a desired
state |Ψ〉out (58) is the measurement of one photon by the detector D1 and one photon by the detector
D2 as well. For this case the coefficients γi (i = 0, 1, 2) are the same as for the TCS.
There are also some requirements that both beam splitters have to meet in order to generate a desired
state (58) correctly. The optimal condition, therefore depends on the relations between the phase shifts
that both field modes (transmitted and reflected) coming out of beam splitters gain and the values of
transmittance and reflectance. In the simplest case all of the phase shifts equal zero and both beam
splitters are the same with the transmittance value equal to 0.21 or 0.79.
There are also other LQS schemes that are useful for obtaining truncated states containing more than
the vacuum and one-photon states only. One of them, based on the projection synthesis described by
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Dakna et al. (Dakna, Clausen, Knoll, and Welsch, 1999) uses an array of symmetric beam splitters and
efficient photon detectors. This method is proposed for obtaining an arbitrary pure quantum state by
successive displacement operations on the current state of the system and adding a single photon. This
procedure is performed alternately and under the condition that after each displacement operation and
single photon adding, no photon is detected by none of the detectors, one can end the whole procedure
after N repetitions obtaining the state of the form (Dakna, Clausen, Knoll, and Welsch, 1999):
|Ψ〉 ∼ Dˆ(αN+1)aˆ†T nˆDˆ(αN )aˆ†T nˆDˆ(αN−1) · · · aˆ†T nˆDˆ(α1)|0〉 , (59)
where T is a transmittance of a beam splitter, aˆ† is photon creation operator and Dˆ(α) is a displacement
operator given by Dˆ(α) = exp
(
αaˆ† − α?aˆ). This state (59) is equivalent form of a finite-dimensional
superposition of Fock states given by
∑N
n=0 cn|n〉.
The scheme of the experimental setup suitable for creation of a quantum state in a form (56) proposed
in (Dakna, Clausen, Knoll, and Welsch, 1999) is presented in Fig.5. The proposed device is composed
of an array of ”blocks” (dashed box in the figure) that produces at the first step a displaced vacuum
state by mixing a coherent state with the vacuum state at beam splitter BS1. During the second step
one photon is added and under the condition that the detector D1 registers no photons the state that
enters the second ”block” is formed as: aˆ†T nˆDˆ(α1)|0〉. After action of the N repeated ”blocks” the state
coming out from the setup has a form presented by (59).
3.2 LQS based on interferometric setups
The truncated state composed of the vacuum and a one photon states (55) in any configuration can be
also obtained in a system with specially arranged two Mach-Zehnder interferometers and two avalanche
photodetecors as in (Paris, 2000). The scheme of a device is shown in Fig.6 where the beam splitters
forming Mach-Zehnder interferometers are identical and symmetric. The phase shifts: Θ1 in the upper
interferometer and Θ2 in the bottom one can be changed. The one-photon state in mode bˆ and the
vacuum state in mode aˆ are the input states for the first of the two interferometers. One of the output
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states from the first interferometer becomes one of the input states of the second interferometer while the
second output state from the first interferometer forms a desired state |Ψ〉out. The form of the latter is
known after performing an appropriate detection by the photon counters Dc and Db. The amplitudes of
these states are determined by the phase shift introduced between the field traveling through both arms
of the interferometer. The other state (mode cˆ) that enters the second interferometer is a coherent state.
The detectors Dc and Db measure number of photons in modes bˆ and cˆ at the output of the whole two
interferometer systems. Also in this second interferometer a phase shift Θ2 can be varied and in that way
the balance between the amplitudes in modes bˆ and cˆ is determined. The action of each interferometer
can be written for n = 1, 2 as (Paris, 2000):
Uˆ(Θn/2) = exp
[
ipi
2
bˆ†bˆ
]
exp
[
−iΘn
2
(
aˆ†bˆ+ bˆ†aˆ
)]
exp
[
− ipi
2
bˆ†bˆ
]
(60)
and the output state is constructed as an action of an operator Uˆ(Θn/2) on an input state |Ψ〉in. The
measurements done by both photodetectors on appropriate output modes then determine the specific
form of the output state in mode aˆ. In such a way, similarly to other linear quantum scissors devices,
the output state is a conditional one since it depends on the measurements outcomes. The conditions
for obtaining any superposition of vacuum and one-photon state are described in (Paris, 2000) as well.
The first one is an appropriate measurement: one photon count registered by one of the detectors and
no photons detected by the other one. The output state has then the following form (Paris, 2000):
|Ψ〉out =
sin Θ12 sin
Θ2
2 |0〉+ γ cos Θ12 cos Θ22 |1〉√
sin2 Θ12 sin
2 Θ2
2 + |γ|2 cos2 Θ12 cos2 Θ22
(61)
It is easily seen from (61) that the values of internal interferometer phase shifts and the amplitude of the
input coherent state (which in fact is cut by this interferometric device) determine the particular form of
the output state and the probability of detection of the desired superposition state is also determined. In
the example given for a specific amplitude of the coherent state, there exist a range of phase shifts that
makes detection probability larger than 20%, which is a better result than the one which can be obtained
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for LQS device presented in Fig.5 (Dakna, Clausen, Knoll, and Welsch, 1999). An interferometric scheme
has an advantage over the devices presented in Figs.4 and 5. It is more stable and besides using a larger
number of optical elements is able to achieve larger detection probabilities of a desired conditional output
state than for the devices described earlier.
Another interferometric approach to the LQS devices is done by Miranowicz in (Miranowicz, 2005)
– see Figure 7. Further generalization of the truncation procedure enables obtaining higher dimensional
qudits or selective truncation and is based on an optical multiport interferometry. The presented inter-
ferometer setup although previously theoretically and experimentally explored has not been used as a
quantum scissors device. After proper adaption it can be used for construction of the truncated states.
The scheme proposed in that paper can be used for obtaining up to 6-dimensional qudits including all
of the truncated states mentioned in the previous papers (Pegg, Philips, and Barnett, 1998; Barnett and
Pegg, 1999; Koniorczyk, Kurucz, Ga´bris, and Janszky, 2000). The interferometer consists of a mirror,
a sequence of beam splitters and phase shifters arranged in such a way that there is no possibility that
an incident coherent state reaches directly the measured truncated output mode of the whole device,
similarly as for the schemes presented in Figs.5 and 6. Apart from the incident coherent state |α〉 the
interferometer is fed by three other modes being in arbitrary Fock states, so that |Ψ〉in = |n1n2n3α〉.
At the output ports there are three photon detectors performing photon number measurements. The
truncation is successful whenever the number of photons detected equals the number of photons present
in the input modes (n1, n2, n3) of the whole interferometer. The input state which in fact is a four-mode
state, after the measurements is reduced to a single-mode state and has a form of a truncated coherent
state in Fock-state representation: |Ψ〉out ∼=
d−1∑
n=0
c
(d)
n γn|n〉 with amplitudes c(d)n dependent on the beam
splitters transmittances and internal phase shifts in the interferometer arms. The conditions that these
parameters have to meet for generation of the four-, five- and six-dimensional truncated states are derived
and presented in (Miranowicz, 2005), as well.
Apart from the generation of the truncated states up to six-dimensional ones there is also a possibility
in that configuration to obtain truncated states with some of n-photon states selectively removed. The
Author named that process as a truncation with hole burning in a Fock space (for the hole burning effect
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see for instance (Baseia, Moussa, and Bagnato, 1998)). Such states can be written in the n-photon states
basis as:
|Ψwithout(k1,k2,...)〉trunc = N
d−1∑
n=0
(n 6=k1,k2,...)
γn|n〉 (62)
where N denotes the normalization constant. Using the eight-port interferometer it can be possible to
obtain the states in four dimensional Fock space having the explicit form:
|Ψwithout(0)〉 ≈ γ1|1〉+ γ2|2〉+ γ3|3〉
|Ψwithout(1)〉 ≈ γ0|0〉+ γ2|2〉+ γ3|3〉 (63)
|Ψwithout(2)〉 ≈ γ0|0〉+ γ1|1〉+ γ3|3〉
Each of these states can be formed for various values of the transmittances of beam splitters when the
phase shift is arbitrary chosen – for the specific values see (Miranowicz, 2005).
3.3 LQS with atom - cavity field interactions
There are other methods allowing generation arbitrary Fock states using atom - cavity field interactions.
Among them one should mention a method proposed in (Vogel, Akulin, and Schleich, 1993). The Authors
consider two-level atoms prepared in a specially chosen superposition of their states interacting with a
cavity field in such a way that only one atom at a time is present in a cavity. This interaction can be
described via Jaynes-Cummings model. After the atom has left the cavity its state is measured, and
providing that all of the N atoms considered are found to be in their ground states, the truncation
is successful. For this case the cavity field state is left in a superposition of N + 1 number states:
|Ψ(N−1)〉 =
N−1∑
n=0
Ψ
(N−1)
n |n〉. In such a way a truncated nonclassical state can be created. Although in
(Vogel, Akulin, and Schleich, 1993) an example of the possibility of obtaining a cavity field in one of a
truncated phase states is discussed, other states can be also created in their model.
Similar approach is presented in (Garraway, Sherman, Moya-Cessa, and Kurizki, 1994). Again various
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quantum states (among them arbitrary Fock states) can be obtained with the use of the method based
on an atom - cavity interactions. Similarly as in (Vogel, Akulin, and Schleich, 1993), it is assumed that
only one atom at a time interacts with the cavity field where the cavity has Q factor high enough to
minimize dissipation during the state preparation. Moreover, the 3-level atoms are involved in a ladder-
type configuration where intermediate level is unpopulated during the interaction, so it can be effectively
eliminated. The atoms entering the cavity are excited and after the interaction with the cavity field a
conditional measurement is performed by the photoionization method. After one atom has passed the
cavity and has been found in its ground level the Schro¨dinger cat state in a cavity can be created. It
appears that after an interaction of a large number of atoms, the cavity field can remain in a specified
number state. Assuming a constant atom-cavity field interaction time, after passage of N = 500 atoms
the field becomes almost a pure number state with a flat phase distribution. The same scheme but
with subsequently decreasing interaction times decreases significantly the number of atoms needed for
obtaining a number state even for the case when the thermal fluctuations are present.
Next model suitable for generating finite dimensional states, based on the interactions between a
coherent field and atoms was proposed in (Krause, Scully, Walther, and Walther, 1989) and developed
in (Maia, B. Baseia and, and Malbouisson, 2004). In a high Q-cavity microwave field is prepared in a
coherent state whereas the atoms passing through the cavity are prepared in highly excited Rydberg
states (n = 51 (Maia, B. Baseia and, and Malbouisson, 2004)). During this passage atoms’ interaction
with the cavity field takes place. Next, the detection of each of the atoms’ states after they have left the
cavity is performed. Since a projection onto the field state is done during the measurement one can find
the state of the cavity field having a knowledge of detectors measurements. As in (Maia, B. Baseia and,
and Malbouisson, 2004) it was shown that it is possible to create Fock states |2N 〉 where N is the number
of atoms left the cavity in an appropriate state. This states generation is characterized by a high accuracy,
for instance for N = 3 the fidelity of the final state is greater than 98%. The Authors named their method
as sculpturing coherent states.
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3.4 Problem of imperfections in practical realizations
The important question arises when dealing with theoretical models of obtaining specific quantum states:
whether these schemes are experimentally accessible and what may be the main obstacles in practical
realizations. As it was presented in previous sections, linear quantum scissors devices consist mainly
of simple optical elements and the main problems which can be found originate from those elements’
imperfections. Another problem arises with preparing the initial states (usually single photon ones)
for the scissors devices. It is a problem related to the detectors efficiencies and their ability to make
measurements of specific photon numbers. In a group of models involving beam-splitters two main groups
of LQS schemes where mentioned: with and without interferometric setups. As authors convince, the
interferometric setups are more resistant to those imperfections and, hence, the probabilities of detecting
a specific truncated state are larger for these schemes.
3.4.1 Initial state preparation
The problem of the initial states generation is mainly related to a difficulties in obtaining single-photon
states. To overcome those difficulties some authors (Pegg, Philips, and Barnett, 1998; Villas-Boˆas, aes,
Moussa, and Baseia, 2001) suggest using parametric fluorescence and suitable filtering for single-photon
state preparation (Burnham and Weinberg, 1970). In (Koniorczyk, Kurucz, Ga´bris, and Janszky, 2000)
making use of non-degenerate parametric down-conversion or when necessary two down-conversion pro-
cesses were proposed (Czitrovszky, Sergienko, Jani, and Nagy, 2000; Bouwmeester, Pan, Mattle, Eibl,
Weinfurter, and Zeilinger, 1997; Pan, Bouwmeester, Weinfurter, and Zeilinger, 1998) to produce two-
mode |11〉 state which is used as an initial state for preparing truncation up to two photon states like the
one described in (58).
Parametric down-conversion (using a nonlinear crystal) is also used for obtaining an appropriate
initial state in the article by O¨zdemir and coworkers in (O¨zdemir, Miranowicz, Koashi, and Imoto, 2001).
The theoretical background model for their proposal is that of Pegg-Philips-Barnett (Pegg, Philips, and
Barnett, 1998) but it is modified so that they focus mainly on its experimental realization and influence of
various experimental parameters on efficiency of state truncation. In addition they discuss the situation
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of a non-ideal single photon state obtained in down-conversion because of the nonlinear crystal physical
properties (size and cone of output radiation effects). They shown that these problems can be solved
by spatial and frequency filtering. The authors also take into account in their considerations of an
experimental preparation of LQS device a small but finite probability of producing more than one photon
in down-conversion process. It is shown in (O¨zdemir, Miranowicz, Koashi, and Imoto, 2001) that despite
the fact of non-perfect initial state preparation there is still a non-vanishing probability that the truncated
state will have the desired form.
As a source of higher populated Fock states (like that needed in Villas-Boˆas and coworkers proposal
(Villas-Boˆas, aes, Moussa, and Baseia, 2001)) one can also make use of already mentioned Fock filtering
scheme (D’Ariano, Maccone, Paris, and Sacchi, 2000).
Other problems which can be met in the practical realization of LQS are related to the preparation
of a coherent state, which is used as the second kind of input state. For the schemes discussed here this
state is mixed with the entangled state obtained from the incident Fock states, and in fact this coherent
state expansion in Fock states basis is cut by the LQS device. When we apply these LQS procedure the
intensity of such input coherent state plays an important role. This intensity should be optimized so that
truncation probability is not negligible. This problem is considered in (O¨zdemir, Miranowicz, Koashi,
and Imoto, 2002a). In order to use the main ideas of the theoretical Pegg-Philips-Barnett scissors scheme
the Authors proposed some of its modifications so that it can be experimentally feasible. In particular,
an optimalization of coherent state intensity in order to obtain the truncation to zero and one-photon
states was performed. Depending on the detector efficiency the fidelities of obtaining the equally weighted
superposition of zero and one-photon states for various coherent state intensities were analyzed. It comes
out that even for small detectors efficiencies a proper choice of that intensity guarantees a non-vanishing
fidelity for a desired state. From the simulations presented by the Authors one can find that for small
intensities of coherent field (|α|2 ≤ 0.36) the fidelity value does not depend on the detector efficiency,
and is always less than 0.84 and further diminishes with decreasing |α|2. So, even while using detectors
with maximal efficiency the fidelity for small coherent state intensities will always be lower than 0.84.
On the other hand even small detectors efficiencies (' 0.1) does not exclude the possibility of detecting
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the desired truncated state with a high fidelity. For |α|2 = 1.06 and detector efficiency equal to 0.7 the
fidelity of the specified truncated state reaches the value ' 0.89. For other combinations of the vacuum
and one-photon states, for which the ratio of the probability amplitudes for obtaining the vacuum and
one-photon states differs from 1, the Authors presented the parameters optimized for obtaining high
fidelities. The generalized form of a desired state is:
|Ψ〉cut = c0|0〉+ c1|1〉√|c0|2 + |c1|2 . (64)
and one can choose for the maximal possible fidelity of obtaining arbitrary superposition of zero and
one-photon states (specified value of |c1/c0| ratio) optimal values of the coherent state intensity and
the detector efficiency. The appropriate figures visualizing the best choices are presented in (O¨zdemir,
Miranowicz, Koashi, and Imoto, 2002a). Their results allow to conclude that for the case of dominant
vacuum state in (64), there is a possibility of achieving fidelities above 0.9 for relatively small detectors
efficiencies.
In general the ideal model of LQS proposed by Pegg-Philips-Barnett (Pegg, Philips, and Barnett, 1998)
gives higher fidelities in obtaining truncated states of the form (64) with a dominant contribution of one-
photon state than experimental adoption presented in (O¨zdemir, Miranowicz, Koashi, and Imoto, 2002a).
However, for the case when the vacuum state is dominant, there are ranges of the values of the parameters
that make experimental model more efficient than that proposed in (Pegg, Philips, and Barnett, 1998).
For balanced superposition one can also find the parameter ranges for which an experimental approach
gives higher fidelities.
Whenever low coherent state intensities are required they can be obtained from the intense coherent
states using optical homodyne tomography as presented for instance in (Smithey, Beck, Raymer, and
Faridani, 1993b; Smithey, Beck, Cooper, and Raymer, 1993a).
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3.4.2 Detectors and their imperfections
The other very important group of problems that can be found when obtaining the truncation with use
of LQS are that connected to the non-ideal detectors. These elements are vital in truncation procedure
as the appropriate truncated state is obtained providing that the used detectors counted the specified
number of photons. Avalanche photodiodes are commonly used as photodetectors and one can include into
account the fact that these elements have nonunitary efficiency and there is a nonvanishing probability of
non-zero dark-counts. Another problem can be the discrimination between states with different photon
numbers. Also the time between the arrival of subsequent photons should be larger than the detector’s
dead time to avoid missing photons. In other cases some photons which achieve the detector sooner than
the previous one can be ”noticed ” are simply neglected. In such a situation the truncation cannot be
successful. As a method to avoid such situations weak intensity light can be used in an LQS device or
small repetition frequencies in pumping the nonlinear crystal (if it is used as a source of single-photon
states in a parametric down-conversion process) or in a coherent state preparation.
In (O¨zdemir, Miranowicz, Koashi, and Imoto, 2001) the authors discuss the influence of detectors
imperfections and make a comparison between various photodetectors types effects on proper truncation.
It appears that even though various kinds of detectors inefficiencies can be found, there is still a possi-
bility of obtaining a desired truncated state with high fidelity. The use of conventional photon counters
(distinguishing between the presence and absence of photons only) with efficiencies of ' 0.7 order can
produce fidelities above 0.9 for properly chosen intensity of coherent incident light. For single-photon
counters (distinguishing between zero, one and higher than one photons) their efficiencies more remark-
ably influence the fidelities of proper truncation. They also suffer from a high dark counts rate. However,
if the appropriate coherent state intensity is used, the application of combination of these two types of
detectors allows for generation of a desired truncated state – see (O¨zdemir, Miranowicz, Koashi, and
Imoto, 2001).
In (Fiura´sˇek, Massar, and Cerf, 2003) the Authors suggest that some problems with detectors effi-
ciencies can be omitted using a technique in which a light beam is split into many beams and each of
them is detected by a standard photodetector device (Haderka, Hamar, and J. Perˇina, 2004; Rˇeha´cˇek,
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Hradil, Haderka, Jr, and Hamar, 2003; Achilles, Silberhorn, Sliwa, Banaszek, and Walmsley, 2003; Fitch,
Jacobs, Pittman, and Franson, 2003). In that way it is possible to simulate a single-photon resolution.
Obtaining such resolutions is a one of the greatest experimental challenges.
3.4.3 Problems with mode mismatch
Apart from the other previously mentioned problems in experimental realization of LQS devices there is
one which is connected with spatial and temporal matching of the optical fields used in the whole device.
In order to obtain a successful state truncation and control the form of the state which comes out of the
device there should be a perfect matching of all the optical fields both at the beam splitters and at the
detectors. This condition is one of the main assumptions for all theoretical models discussed here. At the
beam splitters the fields interfere with each other forming an entangled state. After that a state which
is a superposition of the latter with a coherent state is formed. The matching would play an important
role in these processes as we want to be sure that the states we observe at the output are the states that
we have really wanted. In a real experiment all of the optical fields incoming to the LQS elements are
prepared independently. This problem was extensively explored in (O¨zdemir, Miranowicz, Koashi, and
Imoto, 2002b) where the influence of temporal mode mismatching on the preparation of a desired input
state as well as the interference between these fields and the detectors were considered. The Authors
analytically examined these problems in the pulse-mode projection-synthesis approach and found that
for low intensity coherent fields |α|2  1 both modes mismatch and detector efficiency does not crucially
influence the form of the desired state. With increasing value of |α|2 the fidelity for the obtained desired
truncated state decreases. For determined values of |α|2 increasing the detector efficiency would lead to
the decrease of the fidelity when mode mismatch becomes larger.
3.5 Quantum scissors and teleportation of the states
The scheme of the linear quantum scissors is based on the entanglement and the nonlocality phenomenon
and, as such, can be applied for the devices used for the teleportation quantum states(Bennett, Brassard,
Cre´peau, Jozsa, Peres, and Wootters, 1993). The truncated state obtained through the projection syn-
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thesis is in fact teleported as no light from coherent light mode |α〉 reaches the mode of the field |Ψ〉out.
The LQS model of Philips-Pegg-Barnett is therefore sufficient to observe a teleportation effect for the
state from the mode of a coherent field to the mode of an output state |Ψ〉out, and the teleportation effect
itself in a system of LQS was a subject of several papers.
For example, in (Villas-Bo¨as, Almeida, and Moussa, 1999) the technique of projection synthesis pro-
posed by Pegg, Philips and Barnett was used to show the possibility of an experimental realization of
quantum teleportation of the zero- and one-photon running-wave states by projection synthesis. They
explored the effects of losses in beam splitters and the efficiency of detectors on the fidelity of the telepor-
tation. In fact the device they used for teleportation was composed of two Philips-Pegg-Barnett devices
like those depicted in Fig.4. The output state of the first device |Ψ〉out is introduced to the second one in
the place of a coherent field. So, the whole experimental setup was arranged in such a way that the state
which is supposed to be teleported by the second device is prepared in the first one by the projection
synthesis in a form of a superposition involving vacuum and one-photon states
|Ψ〉out = N (|γ0〉E |0〉+ |γ1〉E |1〉) , (65)
where the states |γ0,1〉E are created as a result of teleportation of a coherent state by the first teleporting
device and the influence of the imperfections perturbing the teleportation process.
For the model presented in (Koniorczyk, Kurucz, Ga´bris, and Janszky, 2000) the Authors showed a
possibility of truncating up to two-photon states in an LQS device shown in Fig.4, where some modi-
fications of incoming light fields were introduced. They showed that in their LQS device a teleporta-
tion of three-state system is possible. In fact, they discussed a possibility of teleporting of the state
|Ψ〉 = γ0|0〉+ γ1|1〉+ γ2|2〉 which will be the state in mode bˆ3 at Fig.4, whereas the form of the state in
mode bˆ1 is therefore determined by the measurements made by both photodetectors. There is a possibility
of successful teleportation, which occurs in the discussed case occurs whenever both detectors count one
photon. For the cases when two photons are measured by one of the detectors and none by the second,
the state which comes out of the device has different coefficients at each of its Fock components.
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A direct experimental realization of the Philips-Pegg-Barnett LQS device is done in (Babichev, Ries,
and Lvovsky, 2003) by Babichev and co-workers. A maximally entangled state: |Ψ〉 = 1√
2
(|1〉|0〉 − |0〉|1〉)
is prepared at the beam-splitter BS1 and is used for teleporting the state of the coherent light expressed
in an infinite dimensional Fock state basis. The device, as it was already mentioned, truncates this
expansion to the arbitrary superposition of one-mode states, which in fact is simultaneously teleported.
The state |Ψ〉out that is an output state of the device is then subjected to the homodyne measurement.
The accuracy of the teleportation and is fidelity can be determined, and from the experimental data
it appears that the fidelity of teleportation achieves high values (up to 99%) for small values of the
amplitude of the coherent field α. For α = 0.5 this fidelity decreases to ' 80% and for higher amplitude
values remarkably decays. However, the fidelity of teleportation is always greater than for the case when
the semi-classical limit is achieved.
3.6 Multimode states generation – GHZ and NOON states
Greenberger-Horne Zeilinger (GHZ) states (see eqn.(51)) are examples of multipartite entangled states
with at least three particles involved (Greenberger, Horne, Shimony, and Zeilinger, 1990; Greenberger,
Horne, and Zeilinger, 1989). The simplest state of this form is GHZ-state for the three qubits case can
be written as: |Ψ〉GHZ = 1√2 (|0〉A|0〉B |0〉C + |1〉A|1〉B |1〉C). These states are highly non-classical ones
and show the multipartite entanglement. The main experimental setup for generating and observing
such states relies on the interferometric setup with linear optical elements (beam splitters, polarizing
beam splitters, photon detectors) and a nonlinear crystal in which short laser pulse generates pairs of
polarization entangled photons. There are four photodetectors, one of them is trigger one, and if they
detect photons simultaneously it appears that the other three photons (not counted by a trigger detector)
form a polarization GHZ state. The experimental data (Greenberger, Horne, and Zeilinger, 1989) clearly
confirm the existence of a three photons polarization entangled state. Moreover, the tests of nonlocality
for such states have also been performed (Pan, Bouwmeester, Daniell, Weinfurter, and Zeilinger, 2000).
There are many papers concerning generation of GHZ states but in this short review we shall con-
centrate only on a few of them. Especially, we are interested in those that can be qualified as quantum
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scissors devices. Thus, the proposal based on the atomic system model of the observation of the three-
particle entanglement in a cavity was discussed in (Rauschenbeutel, Nogues, Osnaghi, Bertet, Brune,
Raimond, and Haroche, 2000). Moreover, the generation of atomic GHZ states was done in (Zhang and
Guo, 2001) with two non-resonant vacuum state cavities, and in the study (Zheng, 2001), where three
atoms were passing through one vacuum state cavity. In three atom scheme all the atoms are prepared
in the same state 1√
2
(|g〉+ |e〉) and therefore there is no energy exchange and the state of the cavities
minimizes the decoherence processes. During the collective atom excitations a phase shifts of atomic
states appear and creation of an entangled state is possible.
Moreover, quite recently, generation of N-qubit GHZ state is reported in (Yang, 2011). The model
presented there consists of a cavity with one three-level and N−1 four-level systems. After an appropriate
choice of the atomic transitions which are resonant with an external field and atomic interactions with
cavity modes, one can obtain an entangled state of N qubits for some lengths of the interaction times.
The model presented there is general enough to be applied not only to the quantum optical systems but
also for instance, to the solid-state ones. Obviously, there are only examples of the models that allow for
GHZ generation. Other proposals of the generation and manipulation of GHZ states can be found, for
example, in the references of the mentioned above papers.
Another quantum multimode state that is finite-dimensional and exhibits entanglement features are
the NOON states (Sanders, 1989). They belong to the group of maximally entangled multi-particle
ones and for the photon field-states can be expressed as in eqn.(48). These states are in some sense a
generalization of the Bell states, where the one-mode one-photon states |1〉 is replaced by its n-photon
counterpart |N〉. For the quantum optical models the NOON states are generated by photons which are
path entangled by optical devices.
States of these type were discussed for the first time by Sanders (Sanders, 1989) while considering the
decoherence processes in created Schro¨dinger cats. These states were generated by a quantum nonlinear
rotator – quantum two-state system (for example spin system) which performs a quadratic precession
around one of its axis. This model is equivalent to the quantum optical nonlinear one and, therefore,
should be qualified as nonlinear quantum scissors rather than LQS. However, NOON states were obtained
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in various other schemes, for instance photonic ones discussed in (Kok, Lee, and Dowling, 2002; K.T. Mc-
Cusker, 2009; Cable and Dowling, 2007; Kapale and Dowling, 2007; Mitchell, Lundeen, and Steinberg,
2004) just to name the few of them. Moreover, such states appear in quantum lithography systems, for
example see (Boto, Kok, Abrams, and Braunstein, 2000).
At this point we should mention one of the latest experimental examples of obtaining ”high-NOON”
states comes from Afek and co-workers (Afek, Ambar, and Silberberg, 2010), where the states of the (48)
type with N = 5 were generated by interfering appropriately in a Mach-Zehnder interferometer classical
coherent light with the field obtaining from a spontaneous parametric down-conversion. After the first
beam splitter the desired path-entangled states are generated in the both modes. At the output of the
second beam splitter two photon detectors measure coincidences. The Authors obtained high values of
the overlaps between the experimental results and a theoretical analytical approach. For the states with
N = 2 and N = 3 the fidelity equal 1, and for higher NOON states: N = 4 reaches 0.933, and for N = 5
is equal to 0.941. The experimental setup proposed by the Authors can be used for arbitrary N states
providing that proper photon number-resolving photodetectors are used.
4 Nonlinear quantum scissors
Nonlinear quantum scissors (NQS) are a group of optical devices in which nonlinear elements (like non-
linear oscillators) are used (Perˇina and Perˇina, 2000; Bajer et al., 2001). The effect of action of NQS on
the optical state is similar to that previously described for the case of linear quantum scissors (LQS) —
all these devices truncate the optical state which lives in an infinite Hilbert space to the state composed
of a few only n-photon states completely described in a finite Hilbert space. There have been several
proposals of such devices and generally they can be divided into groups differing between themselves by
the number of modes of the states obtained. Like in LQS devices the truncation process is inseparably
connected with state teleportation and in NQS devices the truncation can be connected with other quan-
tum phenomena. For instance, there is the generation of maximally entangled states or entanglement
death and revival events appearing under special conditions. One can find examples of NQS which are
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used for generation of one, two or three modes truncated states, and examples of such models can be
found in literature. In this paper we shall subsequently describe the main examples of all of these groups
in the following paragraphs.
4.1 NQS devices and one-mode states
The procedures of preparation single mode Fock states are related to preparing quantum scissors devices.
Some of those proposals are included in the review work of Dell’Anno, De Siena and Illuminati (Dell’Anno,
Siena, and Illuminati, 2006). In the group of NQS, which are based on nonlinear optical elements, there
are devices which produce single-mode or multi-mode Fock states. First we will concentrate on the
systems that are able to generate finite-dimensional states in one mode of the EM field. Among them
one should mention about the method of ”cutting” field operators proposed in (Leon´ski and Tanas´, 1994)
and developed in (Leon´ski, Dyrting, and Tanas´, 1997a).
As it was mentioned in the first section, the FDCS can be obtained using displacement operator
Dˆ(α, α?) acting on the vacuum state, where the boson creation and annihilation operators were defined
in a finite-dimensional Hilbert space (see eqns.(19)-(25)), contrary to the TCS, which are defined as an
effect of the truncation of the expansion of the Glauber coherent state in n-photon states basis (eqns.
(26) and (27)). To generate FDCS we can apply the procedure based on the nonlinear Kerr medium
located inside a high-Q cavity and excited by series of ultra-short coherent pulses (Leon´ski and Tanas´,
1994). For such a model the unitary operator governing the system’s evolution is given by:
U = e−i(χT/2)nˆ(nˆ−1)e−i(aˆ
†+?aˆ) (66)
where χ is a nonlinearity constant, T denotes the time between subsequent kicks, nˆ = ˆa†aˆ is the photon
number operator. The parameter  is in fact an effective strength describing the external field – nonlinear
system interaction. If we assume that the system initially was in the vacuum state and the excitation
is weak (i.e.   χ) it is possible to generate one-photon state with high accuracy, providing that the
damping processes are low enough. Moreover, for this case the system’s evolution becomes closed within
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the set of two states: the vacuum |0〉 and one-photon state |1〉.
One can modify this model and after the proper changes of the detunings within the system the part
of the system’s Hamiltonian corresponding to the nonlinear medium evolution becomes
Hˆ =
1
2
χnˆ(nˆ− 2) . (67)
If we additionally assume that the excitation process is a two-photon one, the system’s evolution will be
closed within the states |0〉 and |2〉. In consequence, for such a situation the two-photon state can be
generated. One can generalize this model to that where the nonlinear Hamiltonian will be proportional
to nˆ(nˆ − z), where z is an arbitrary natural number, and the excitation involves z-photon process. For
this case the z-photon state will be generated (Leon´ski, 1996).
A different approach based on construction of a proper Hamiltonian that enables producing an n-
photon Fock state was proposed in (Kilin and Horoshko, 1995), where some transformations from the
vacuum state to n-photon one and vice versa were discussed. These transformation can be formally
written as:
Hˆn|0〉 = |n〉
Hˆn|n〉 = |0〉 .
(68)
In fact, in that paper some subclass of the transformations was discussed. The Authors concentrated on
those defined by
eitnHˆn |0〉 = |n〉 , (69)
where tn = pi/2 + 2pik and k is an integer number. In consequence, the nonlinear Hamiltonian generating
the above transformations was found and it can be written as:
Hˆn = µaˆ
†aˆ− µaˆ
†aˆ
n
+
[(
1− aˆ
†aˆ
n
)
aˆ2√
n!
+H.c.
]
. (70)
If we assume that the real parameter µ = 0 the Hamiltonian represents a physical system that can be
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practically obtained with use of nonlinear medium. The pumping field of frequency Ω is within the
process described by (70) and is turned into the n-photon Fock state of frequency ω = Ω/n in two ways
simultaneously: Ω→ nω and Ω + ω → (n+ 1)ω.
Sculpturing a coherent state can also be obtained with use of nonlinear optical elements in a set of
Mach-Zehnder interferometers (Maia, B. Baseia and, and Malbouisson, 2004). In each interferometer’s
arms there a cross-Kerr two-mode medium is located, and the interferometer is fed by the vacuum and
one photon states. This Kerr medium couples the state of the field in the interferometer with an external
field initially prepared in a coherent state. After the field passes the set of interferometers and under the
conditions imposed on detections, it ends up in a highly excited Fock state provided that the parameters
describing Kerr medium were properly chosen. The result of such a system evolution resembles that for
the scheme with Rydberg atoms, high-Q cavity and maser field interactions.
Finite dimensional Fock states can also be generated in one Mach-Zehnder interferometer with a
cross-Kerr medium in one of its arms (Gerry and Benmoussa, 2006). Similarly to (Maia, B. Baseia and,
and Malbouisson, 2004) the traveling field is in a coherent state but the interferometer is fed by a vacuum
state and another coherent field of larger amplitude. The state inside the interferometer and the external
one are coupled via the cross-Kerr medium and after a proper photon detection the filed is found to be
in a number state with high accuracy.
4.2 NQS device for two-mode states
In the filed of NQS for obtaining two-mode number states one should notice of the first proposals presented
in (Leon´ski and Miranowicz, 2004; Miranowicz and Leon´ski, 2006). The Authors proposed an optical
system composed of a nonlinear coupler externally driven by a coherent field. In the core of NQS
in this device is a system of two nonlinear oscillators described by the Kerr nonlinearity. There is an
interaction between these oscillators and it can be of various character. In (Leon´ski and Miranowicz, 2004;
Miranowicz and Leon´ski, 2006) this is a linear interaction, in subsequent papers (Kowalewska-Kud laszyk
and Leon´ski, 2006, 2009, 2010b,c,a) this interaction is of nonlinear character whereas in (Kowalewska-
Kud laszyk, Leon´ski, and Perˇina Jr, 2011) the interaction is of a parametric type.
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4.2.1 Nonlinear coupler with linear interaction
For the linear type of interaction between two oscillators with Kerr-like nonlinearity (nonlinear coupler)
the Hamiltonian governing the systems’ dynamics has the following form (Leon´ski and Miranowicz, 2004;
Miranowicz and Leon´ski, 2006):
Hˆ = Hˆ0 + Hˆint =
χa
2
(aˆ†)2(aˆ)2︸ ︷︷ ︸
Hˆa
+
χb
2
(bˆ†)2(bˆ)2︸ ︷︷ ︸
Hˆb
+  aˆ†bˆ+ ?aˆbˆ†︸ ︷︷ ︸
Hˆint
+α aˆ† + α?aˆ︸ ︷︷ ︸
Hˆexta
+β bˆ† + β?bˆ︸ ︷︷ ︸
Hˆextb
(71)
where Hˆint and Hˆexta(b) describe the Hamiltonians for coupler internal and external interaction respec-
tively, and the parameters α, β are interaction strenghts with external coherent fields which can influence
both of the oscillators modes (aˆ and bˆ) or only one of them. Moreover, χa(b) are third-order suscep-
tibilities which describe the nonlinearities of the oscillators – Hˆa(b) stand for oscillators Hamiltonians.
The general scheme for nonlinear scissors device used in (Leon´ski and Miranowicz, 2004; Miranowicz and
Leon´ski, 2006) and also other devices with nonlinear coupling is shown in Fig.8
While considering the no-damping case, the two-mode states which are generated in a process de-
scribed by the Hamiltonians (71) have the common form:
|Ψ(t)〉 =
∞∑
n,m=0
cnm|n〉a|m〉b (72)
where the probability amplitudes cnm can be derived from the differential equations:
i
d
dt
cnm =
1
2
{n(n− 1)χa +m(m− 1)χb} cnm
+ 
√
n(m+ 1) cn−1,m+1 + ?
√
(n+ 1)m cn+1,m−1 (73)
+ α
√
n cn−1,m + α?
√
n+ 1 cn+1,m + β
√
m cn,m−1 + β?
√
m+ 1 cn,m+1 .
To get the closed set of the above equations (72), and hence, the system’s dynamics closed within
the finite set of the n-photon states, the appropriate conditions should be fulfilled. In general, we should
38
assume that the excitations should be sufficiently weak, i.e. the values of the parameters describing these
interactions should be considerably smaller as we compare them with the nonlinearity constants. Thanks
to those assumption and as a result of the degeneracy of the Hamiltonians Hˆa(b) there is a possibility to
generate only few two-mode states. In fact in the situation of the NQS device presented in (Leon´ski and
Miranowicz, 2004; Miranowicz and Leon´ski, 2006) for the initial state being the vacuum one, the whole
dynamics is closed within the system of four two-mode states only. The truncated state has now the
simple form:
|Ψ(t)〉trunc = c00(t)|0〉a|0〉b + c01(t)|0〉a|1〉b + c10(t)|1〉a|0〉b + c11(t)|1〉a|1〉b . (74)
From the quantum computation theory point of view one can conclude that the two-qubit system is
produced in evolution of such NQS system. The accuracy of such truncation was proven by the analysis
of fidelity between the states (72) and (74). Any deviations from the perfect truncation are of the order
of 10−4 for properly chosen parameters, especially the ratios between the nonlinearities and interaction
constants (α, β, ) — see (Miranowicz and Leon´ski, 2006).
The states which survive after truncation process are the states that form the Bell basis (see eqn.(47)).
It was found there that apart from the truncation itself the entanglement is additionally generated. For
the NQS pumped in one mode only all of the possible Bell-states can be periodically generated providing
that the strength of external coupling is smaller than that corresponding to the internal coupling between
two oscillators. For such situation the states:
|B〉1 = 1√
2
(|1〉a|1〉b + i|0〉a|0〉b) |B〉2 = 1√
2
(|0〉a|0〉b + i|1〉a|1〉b) (75)
|B〉3 = 1√
2
(|0〉a|1〉b − i|1〉a|0〉b) |B〉4 = 1√
2
(|1〉a|0〉b − i|0〉a|1〉b)
are generated. While both strengths are of the same order, generation probability for the states |B〉1
and |B〉2 becomes close to the unity. For the case when we assume that the system is pumped in the
two modes, only the states |B〉1 and |B〉2 have significant contribution to global entanglement even for
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 > α, β. The degree of entanglement produced by the whole system can be determined by various
parameters. For instance, it can be von Neumann entropy, which for the general situation described by
the Hamiltonians (71) has the form (Miranowicz and Leon´ski, 2006):
E(t) =  (2 |c00(t)c11(t)− c01(t)c10(t)|) (76)
where cij(t) are the |i〉a|j〉b states amplitudes, which are obtained from the solutions of the appropriate
Schro¨dinger equation. In both situations described (β = 0 and β 6= 0) the evolution of the entropy (76)
clearly points out that the system can be a generator of maximally entangled states.
When assuming more realistic situation of a damped system, it is necessary to apply master equation
approach with appropriate damping constants γa and γb describing the loses in both coupler modes. For
the amplitude damping, the general form of such equation is given by (Gardiner and Zoller, 2000):
dρˆ
dt
= −i
[
Hˆ, ρˆ
]
+
γa
2
([
aˆρˆ, aˆ†
]
+
[
aˆ, ρˆaˆ†
])
+
γb
2
([
bˆρˆ, bˆ†
]
+
[
bˆ, ρˆbˆ†
])
(77)
+ γan¯a
[
[aˆ, ρˆ] , aˆ†
]
+ γbn¯b
[[
bˆ, ρˆ
]
, bˆ†
]
or for the case of the phase damping (without loosing the energy in cavities) it becomes:
dρˆ
dt
= −i
[
Hˆ, ρˆ
]
+
γa
2
(2n¯a + 1)
[
2aˆ†aˆρˆaˆ†aˆ− (aˆ†aˆ)2 ρˆ− ρˆ (aˆ†aˆ)2] (78)
+
γb
2
(2n¯b + 1)
[
2bˆ†bˆρˆbˆ†bˆ−
(
bˆ†bˆ
)2
ρˆ− ρˆ
(
bˆ†bˆ
)2]
.
The effect of the amplitude damping on the entanglement survival can now be determined via concurrence
(Wootters, 1998) or negativity (Peres, 1996; Horodecki, Horodecki, and Horodecki, 1996). For both of
the describing here NQS devices the effect of the amplitude damping is much serious problem than
dephasing one only, even for different from zero thermal photon numbers. Anyway, the entanglement
in both cases decreases quickly with time. For the parameters used in (Miranowicz and Leon´ski, 2006)
the entanglement produced by NQS subjected to amplitude damping oscillates in time, but its first (and
the highest) maximum decreases after less than 2 × 10−7 [s], if we assume that χa = χb = 108 [rad/s],
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α = χ/20 and  = α/2. However, if only dephasing effects are present (we have no amplitude damping
effects), this time does not change considerably, but the values of the entanglement obtained are much
higher and even for larger values of the damping parameters – the entropy for the first maximum is ' 0.8
which suggest significant amount of entanglement.
For the NQS scheme with a linear interaction between the Kerr-like oscillators the degree of squeezing
in each mode was also studied. In (Said, Wahiddin, and Umarov, 2007) the Authors estimated squeezing
via the quadrature variances for the field in k-mode as:
〈∆Xˆ2k〉 = 〈Xˆ2k〉 − 〈Xˆk〉2 (79)
〈∆Yˆ 2k 〉 = 〈Yˆ 2k 〉 − 〈Yˆk〉2
From the considerations given in (Said, Wahiddin, and Umarov, 2007) it turns out that while the system
is not externally driven by a coherent field (α = β = 0) the field generated by NQS device is not squeezed.
Taking into considerations classical external pumping, the system produces the squeezed states of light
for certain moments of time apart from the entangled states as well.
4.2.2 Nonlinear coupler with nonlinear interaction
Another group of NQS devices is composed of systems with nonlinear oscillators that interact with each
other in the way that differs from that discussed in the previous section. In particular, we shall assume
here that this interaction is of nonlinear character. If such an interaction between the two Kerr-like
oscillators is set up, there is also a possibility of obtaining two-mode state truncation. The Hamiltonian
for a whole system (71) is therefore modified at the point corresponding to the interaction between two
oscillators. Thus, the latter can be written as in (Kowalewska-Kud laszyk and Leon´ski, 2006):
Hˆint =  (aˆ
†)2bˆ2 + ?aˆ2(bˆ†)2 . (80)
In considerations presented there only one external excitation by a coherent field was assumed (β = 0).
As in previous NQS models, the necessary condition χa(b)  , α for successful truncation have to be
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fulfilled. Under such an assumption and providing that the initial state for NQS is |2〉a|0〉b, the system
evolves with high accuracy (confirmed by the fidelity analysis) inside the set of only three states from
the whole infinite set of the possible n-photon states. Thus, for this case the system’s evolution can be
described by the following truncated wave-function:
|Ψ(t)〉trunc = c20(t)|2〉a|0〉b + c12(t)|1〉a|2〉b + c02(t)|0〉a|2〉b . (81)
Here, one can say that can be treated as a qutrit-qubit one. It appears that maximally entangled states
are generated during the system’s evolution:
|B〉1 = 1√
2
(|2〉a |0〉b + i |0〉a |2〉b) ,
|B〉2 = 1√
2
(|2〉a |0〉b − i |0〉a |2〉b) , (82)
|B〉3 = 1√
2
(|2〉a |0〉b + i |1〉a |2〉b)
and they are Bell states again. The states |B〉1,2 are generated giving the 100% entanglement, whereas
|B〉3 are produced with lower accuracy, however, for this state the degree of entanglement is higher than
90%.
To describe the interactions of this NQS model with an external environment, the master equation
approach is used again. As a measure of entanglement degree in the whole qutrit-qubit system the
negativity (Peres, 1996; Horodecki, Horodecki, and Horodecki, 1996; G.Vidal and Werner, 2002) was
used. It is defined as
N(ρ) = max (0,−2λmin) , (83)
where λmin is the smallest of the eigenvalues of the partially transposed system’s density matrix. Ex-
amples of the negativity evolution were calculated for various values of the damping constants and are
presented in Fig.9. Under no damping condition (γ = 0) the maxima visible in the plot corresponds
to the Bell states creation and the second of them (lower maximum) corresponds to the formation of
the entangled state |B〉3. Between the times in which the system forms one of the Bell-like states (82)
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negativity does not decay to zero values – this is because N(ρ) measures the degree of entanglement
in the whole system, not only in its qubit subspaces. When comparing NQS with a nonlinear internal
interaction with NQS containing its linear counterpart described in (Miranowicz and Leon´ski, 2006), the
Authors concluded that the former is less sensitive to the damping process and is able to generate states
with higher values of entanglement.
There was also considered the influence of the kind of environment interacting with coupler on the
entanglement formation in the system. In (Kowalewska-Kud laszyk and Leon´ski, 2009) the Authors con-
sidered the evolution of initially entangled state but there qubit subspaces were considered. It appears
that because of the fact that the whole system has more than two dimensions it is possible to observe
complete vanishing and after some time reappearing of the entanglement in the system’s two-dimensional
subspaces (Fig.10). These effects are known as sudden deaths and revivals of the entanglement. They
were described for the first time for entanglement evolution of two-level atoms (qubits) as a result of
interactions with external environment (K. Z˙yczkowski and Horodecki, 2001; T.Yu and Eberly, 2004;
Ficek and Tanas´, 2006). The possibility of the observation of such sudden deaths and revivals in a con-
sidered system is the result of the interactions between the oscillators – the entanglement in the system
initially prepared in one of its maximally entangled states (MES) can be transferred from one subspace
to another and vice versa. Thus, tracking the entanglement in one of these subspaces one can observe
such phenomena. Even for interactions with thermal reservoir (n¯a 6= 0 and n¯b 6= 0) deaths and revivals
are still present.
What is interesting, for the cases when even the mutual interactions are absent, there is still a
possibility for maintaining the entanglement providing that one of the modes is coherently pumped. In
particular, when the system is initially prepared in |B〉1 state, the coherent external pumping in aˆ mode
guarantees a continuous energy transfer to(from) the system and in consequence, the entanglement is
able to come back to the subspace in which was previously established and from which it was pumped
out. This phenomenon appears despite the fact that the damping is present – see examples in Fig.11. If
we assume that the damping is related to the thermal reservoir such behavior is changed in such a way
that some dark periods appear in entanglement evolution (Kowalewska-Kud laszyk and Leon´ski, 2010c) –
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Fig.12.
At the end, we should mention that the squeezed reservoir has also been considered as an external
environment for NQS with nonlinear mutual interactions (Kowalewska-Kud laszyk and Leon´ski, 2010b).
It appears that this kind of environment influences the entanglement decay in such a way that shortening
or extension of the time of disentanglement can be observed depending on the values of the parameters
describing squeezed environment. The main decisive factor for changing the disentanglement character is
squeezed reservoir phase. For a specified mean number of photons in squeezed vacuum one can observe
a significant shortening of the disentanglement time for squeezed vacuum phases close to pi.
4.2.3 Nonlinear coupler with parametric interaction
Two-mode truncated states can also be produced in a nonlinear system with parametric interactions.
The latter plays a double role. It couples two oscillators and excites them as well. An example of such a
device was given in (Kowalewska-Kud laszyk, Leon´ski, and Perˇina Jr, 2011). The Hamiltonian describing
the system described there is given by:
Hˆ =
χa
2
(aˆ†)2aˆ2 +
χb
2
(bˆ†)2bˆ2 + gaˆ†bˆ† + g?aˆbˆ, (84)
where g is a parameter describing the strength of the parametric process involved in the system. It is
obvious that the number of states present in the system’s dynamics depends on the value of g. If g is
sufficiently small (if compare with nonlinearity χ) the system lives in a subspace cut to the three two-mode
states |0〉a|0〉b, |1〉a|1〉b, |2〉a|2〉b, assuming that the initial system’s state is the vacuum one in the both
modes. At this point one can say that the system behaves as a qutrit-qutrit one. However, it should be
stressed out that larger values of coupling g result in a larger dimension of the system’s space. Similarly
as for the previously mentioned NQS devices, the system presented in (Kowalewska-Kud laszyk, Leon´ski,
and Perˇina Jr, 2011) also gives the possibility of creation of maximally entangled Bell-like states. The
entanglement can be created in various two-qubit subspaces and can be transferred from one subspace to
another. When considering interaction with an external environment, it is possible to observe vanishing
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of entanglement in one of the subspaces (spanned on |0〉a|0〉b and |2〉a|2〉b states) for some period of time
and after that, its return and stay at the certain level. It is related to the probabilities of appearance
of appropriate coherences and to changing the value of the ratio between these coherences and state
populations.
The same model can also be a source of not only Bell-like states but also so called ”generalized Bell
states” (see eqn.(49)) defined as in (Bennett, Brassard, Cre´peau, Jozsa, Peres, and Wootters, 1993).
When the value of interaction parameter g is smaller than the nonlinearity constants χa,b the dynamics
can be closed within some of the generalized Bell states. For the same parameters as in (Kowalewska-
Kud laszyk, Leon´ski, and Perˇina Jr, 2011) one can conclude that the states |0〉a|0〉b |1〉a|1〉b and |2〉a|2〉b
are the most populated. Therefore, three of the states (49) can be generated in the model of nonlinear
oscillators with a parametric interaction having the particular form (50). In fact, the system is a generator
of two-qutrit entanglement. The fidelity parameter corresponding to the generation of generalized Bell
states for no-damping case achieves its maximal values ' 0.9 exhibiting its periodic behavior. When
we assume that the damping processes are present the fidelity vanishes with time but some amount of
entanglement remains within the system (negativity ' 0.05) even for long times.
4.3 NQS devices and three-mode states
There is another group of truncated states that can be obtained with the use of devices comprising
nonlinear elements – three mode truncated states. In (Said, Wahiddin, and Umarov, 2006) the Authors
indicate a possibility of generating W states of the type (Du¨r, Vidal, and Cirac, 2000):
|W 〉 = 1√
3
(|001〉+ |010〉+ |100〉) (85)
in nonlinear coupler based device. W states can be generated, for example, the same way as in the
Zeilinger at.al. proposal (Zeilinger, Horne, and Greenberger, 1992), in which an incident light beam is
split by a set of partially reflecting mirrors into three beams. But a nonlinear crystal is placed on a path
of the primary, already split beam. The beam is ”number filtered” as it is subjected to up- and down-
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conversion processes with a filtering located between them. Providing that one photon has been detected,
the field can be found in a W entangled state. Another method (Guo and Zhang, 2002) relies on the
cavity quantum electrodynamics processes. In this model three two-level atoms that are appropriately
prepared interact with a field in a cavity. The cavity is initially in a vacuum state, the same as in Jaynes-
Cummings model, or, in a second approach, a single excited two-level atom sequentially interacts with
three cavities prepared initially to be in vacuum states. The resultant states (those of atoms or cavities)
are the desired W states. Parametric down-conversion processes with linear optical elements can be also
used to prepare polarization-entangled W states (Yamamoto, Tamaki, Koashi, and Imoto, 2002). For
this model the parametric process produces four photons which are after that spatially divided via beam
splitters into four paths. After a measurement done by the photodetector, the state of the photons is
found to be entangled W state.
The NQS device can also be used for obtaining W states. For that purpose NQS is composed of three
Kerr-like oscillators which are mutually connected via the interaction Hamiltonians (Said, Wahiddin, and
Umarov, 2006):
Hˆint = aˆ
†bˆ+ ?aˆbˆ† + aˆ†cˆ+ ?aˆcˆ† + bˆ†cˆ+ ?bˆcˆ† (86)
The truncated wave-function that was obtained is composed of the eight three-mode states: |000〉, |001〉,
|010〉, |011〉, |100〉, |101〉, |110〉 and |111〉. While the initial state is |001〉 it appears that with high
accuracy the W state is generated. Its explicit form is given in (Said, Wahiddin, and Umarov, 2006):
|Ψ(t)〉 = 1
3
[2 exp (it) + exp (−2it)] |001〉+ 1
3
[− exp (it) + exp (−2it)] (|010〉+ |100〉) (87)
and is generated periodically at times
tk =
pi
3
[(
k − 1 + (−1)
k
2
)
+
1
3
(−1)k
]
, (k = 1, 2, · · · ) . (88)
The presence of an additional coupling with external fields leads to the possibility of generation of other
truncated three-mode states. As for the two-mode state truncation method described in (Miranowicz and
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Leon´ski, 2006) there is also a possibility of observing squeezed light produced in NQS device for truncating
three-mode states (Said, Wahiddin, and Umarov, 2007). For the latter, when the external driving field
is present, squeezing can be observed. For such a case the squeezing related to the quadrature Xˆ (79) is
present in the modes which are not externally driven, while the pumped modes exhibit squeezing for the
quadrature Yˆ .
NQS can be a source of the NOON states, as well. As it was noted in the previous section concerning
LQS devices, the model of quantum rotator proposed by Sanders (Sanders, 1989) can be used for the
Schro¨dinger cats and the NOON states generation. The model discussed there is equivalent to that
described by the following nonlinear Hamiltonian (Sanders, 1989)
Hˆint/~ = ωaaˆ†aˆ+ ωbbˆ†bˆ+ 2χabaˆ†aˆbˆ†bˆ+
1
2
χa
(
aˆ†aˆ
)2
+
1
2
χb
(
bˆ†bˆ
)2
(89)
describing quantum optical system with the nonlinear coefficients χi (i = a, b, ab) that are components
of the tensor χ(3) for the nonlinear medium – for simplicity the relation χ ≡ χa = χb = χab is applied.
For this model two modes of the field first pass the nonlinar media and interact with each other during
the time t1. Next, they pass through the two separable Kerr media in such a way that these modes do
not interact with each other (Sanders and Milburn, 1989) undergoing self-phase shifts during the time
t2. The whole interaction scheme is equivalent to the action of the unitary evolution operator
Uˆ = exp
{− i(ωaaˆ†aˆ+ ωbbˆ†bˆ) (t1 + t2)
− i
2
χ
[
(aˆ†aˆ)2 + (bˆ†bˆ)2
]
(t1 + t2)− 2i χ aˆ†aˆbˆ†bˆ t1
} (90)
and it can be used as the NOON states generator.
4.4 Quantum scissors – some experimental aspects
All the NQS devices based on elements with Kerr-like nonlinearities have some experimental restrictions.
The most important one is that related to the fact that the excitations should be much weaker as we
compare them with the value of the nonlinearities involved in the models. Therefore, for successful (two-
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or three-mode) state truncation the main assumption χa(b)  , α, β, g has to be fulfilled. In practice,
such assumption is often equivalent to the giant Kerr nonlinearities application. In fact, this obstacle
can be overcome in various ways.
One can notify that for the described here models, the nonlinearity constant χ appears together
with the nonlinear evolution time T , so the above condition should be modified in such a way that χ
will be replaced by χT . Therefore, by the application of the sufficiently long period of time T one can
fulfill the requirements necessary for the desired states generation. It can be done, for instance, by the
nonlinear fibers of the appropriate length application. For example, a nonlinear fiber that was 300m long
and embedded into a Sagnac interferometer allowed for up to 107 photon pairs per 1mW of the optical
pumping generation (Li, Voss, Sharping, and Kumar, 2005). Similar photon-pair generation rates have
also been reported from the experiments in which 2m-long microstructured fibers were applied(Fulconis,
Alibart, Wadsworth, Russel, and Rarity, 2005).
The other way is to generate so called giant Kerr nonlinearities. Such nonlinearitites can be achieved
in atomic systems where quantum interferences are present along with the electromagnetically induced
transparency (EIT) effect. For instance, Schmidt and Immamog˘lu (Schmidt and Immamog˘lu, 1996)
shown that for the three- and four-levels schemes driven by the properly prepared external laser field
such nonlinearities can be generated. Such models were also discussed in various aspects in (Immamog˘lu,
Schmidt, Woods, and Deutch, 1997; Grangier, Walls, and Gheri, 1998; Immamog˘lu, Schmidt, Woods, and
Deutch., 1998), and their realization in (Kang and Zhu, 2003; Hau, Harris, Dutton, and Behroozi, 1999).
Moreover, these effects can be also observed in other than optical systems. For instance, quite recently
in (Rebic, Twamley, and Milburn, 2009) the method of high nonlinearities generation was described for
a system of multi-level Cooper pair box molecule interacting with superconducting resonator.
It should be stressed out that in fact the quantum scissors effect is observable in various models
exhibiting so-called photon blokade effect. In general we can say that such effect appears when the irradi-
ated by EM field system exhibits photon-photon interaction in such a way that the resonant absorption
of one photon ”blocks” the absorption of the second one. In fact, the latter becomes detuned from the
resonance. This effect is an analogue of the Coulomb blockade observed in sufficiently small metallic and
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semiconductor devices. The relations between the giant Kerr nonlinearities generation, EIT effect and
photon blockade was discussed in (Dunstan, Rebic, Tan, Parkins, Collet, and Walls, 1998). In fact, the
photon blockade can be observed for the single atom – cavity models (Birnbaum, Boca, Miller, Boozer,
Northup, and Kimble, 2005), nano-cavities ones (Faraon, Majumdar, and Vucˇkovic´, 2010; Liu, Miranow-
icz, Gao, Bajer, Sun, and Nori, 2010), Bose-Einstein condensates (Olsen, Hope, and Plimak, 2001) or
even XY spin systems (Angelakis, Santos, and Bose, 2007).
Another group of models that can be a potential candidate for an NQS practical realization are those
comprising cavities with moving mirrors. At this point one should mention one of the early papers
concerning these problems (Bose, Jacobs, and Knight, 1997), where such a system was applied for the
Schro¨dinger cats and the entangled states generation. It was shown there that the cavity filled with the
EM field only and confined by vibrating mirror, can be described by a Hamiltonian with nonlinear terms.
Finally, the so called atomic optics systems can also be used as NQS. As it was shown in (Wallentowitz,
de Matos Filho, and Vogel, 1997; Wallentowitz and Vogel, 1997, 1998; Wallentowitz, Vogel, and Knight,
1999; Moya-Cessa, Wallentowitz, and Vogel, 1999) trapped and atoms and/or ions can be described by
the Hamiltonians that are counterparts of those describing usual quantum nonlinear systems.
5 Summary
Finite-dimensional states are commonly applied and discussed in various quantum-optical, quantum in-
formation theory or more generally – quantum engineering models. One can find various recipes for the
Fock, finite dimensional coherent, squeezed or entangled states generation in optical systems. Quantum
scissors are the devices which enable obtaining such states. Depending on the physical properties of the
”device” used for the state truncation, quantum scissors can be divided into two groups: one of them
(LQS) are based on linear optical elements whereas the other (NQS) are constructed with the application
of the nonlinear ones. The presented here ideas and models are not only theoretical ones. As a result
of the current progress in both: experimental techniques and physical theory, described in this paper
models become more realistic and even some of them are accessible for the experiment now.
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As it was shown here, quantum scissors can be a source of the variety of quantum states that can be
finite-dimensional or truncated states. These states exhibit various very interesting properties that can
be a subject of a broad range of investigation in the field of quantum optics. Nevertheless, one should
remember that the problems of quantum scissors can be applied to other than optical models. Moreover,
for the case of the multi-mode states, the generated states can exhibit very interesting properties related
to the quantum entanglement. This fact indicates that the subject related to the quantum scissors is
deeply related to the both: practical and theoretical aspects of the quantum information theory, and to
the basic questions of the contemporary quantum theory.
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Figure 1: Husimi quasi-probability Q-functions for the n-photon Fock states – left: n = 0 (vacuum state),
right: n = 4.
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Figure 2: Q-function for the coherent state with the mean number of photons 〈nˆ〉 = |α|2 = 3
.
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Figure 3: Q-function plots for the squeezed vacuum (left) and squeezed state with |α| = 3 (right).
Squeezing parameters are equal to i and − 12 − i
√
3
2 , respectively.
Figure 4: Scheme for the linear quantum scissors device involving two beam-splitters BS1 and BS2, and
photon detectors D1, D2 (Pegg et al., 1998). The explanation of operation principle can be found in the
text.
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Figure 5: Scheme for the linear quantum scissors device composed of a series of beam-splitters; BSN
are beam splitters and DN are photon detectors (Dakna et al., 1999). The explanation of the operations
performed in the model can be found in the text.
Figure 6: Scheme for the linear quantum scissors device composed of two Mach-Zehnder interferometers;
BS are beam splitters and D denote photon detectors (Paris, 2000). Explanation of the operations
performed inside the device can be found in the text.
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Figure 7: Scheme for the linear quantum scissors device composed of the eight-port interferometer; BS
are beam splitters and D are photon detectors, Θ are the phase shifts in interferometer arms (Miranowicz,
2005). Explanation of the operations performed inside the device can be found in the text.
Figure 8: General scheme for the two-mode non-linear quantum scissors device.
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Figure 9: Time-dependance of the negativity for the NQS device with a nonlinear interaction between the
oscillators for various values of damping constants γa = γb = γ. χa = χb = χ = 10
8[rad/s], α = χ/20,
 = α/2.
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Figure 10: Time-dependance of the negativity for the NQS device with a nonlinear interaction between
the oscillators for various values of thermal photon numbers. χa = χb = χ = 10
8[rad/s],  = χ/20, α = ,
γa = γb = γ = χ/500. Solid line: n¯a = 0.2, n¯b = 0; dashed line: n¯a = n¯b = 0. Negativity is obtained for
the subspace |0〉|0〉, |0〉|2〉, |2〉|0〉 and |2〉|2〉. Initial state is |B〉1 state.
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Figure 11: The negativity as a function of time for the NQS device with a nonlinear interaction between
the oscillators for the zero-temperature bath reservoir and various values of the α: solid line – α = χ/20,
dashed line – α = χ/50. The parameters χa = χb = χ = 10
8[rad/s],  = 0, γa = γb = γ = χ/500,
n¯a = n¯b = 0. Negativity is obtained for the subspace |0〉|0〉, |0〉|2〉, |2〉|0〉 and |2〉|2〉. Initial state is |B〉1
state.
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Figure 12: Negativity as a function of time for the NQS device with a nonlinear interaction between the
oscillators for n¯a = 0.2 n¯b = 0 and various values of α: solid line – α = χ/20, dashed line - α = χ/50.
The remaining parameters are: χa = χb = χ = 10
8[rad/s],  = 0, γa = γb = γ = χ/500. Negativity is
obtained for the subspace |0〉|0〉, |0〉|2〉, |2〉|0〉 and |2〉|2〉. Initial state is |B〉1 state.
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